arXiv: 1503.04306v3 [math.CV] 29 Mar 2015 


The Dirichlet problem and prime ends 

Denis Kovtonyuk, Igor’ Petkov and Vladimir Ryazanov 

31 MapTa 2015 r. 


AHHOTaiJ,HH 

It is developed the theory of the boundary behavior of homeomorphic solutions of the 
Beltrami equations df = ^df of the Sobolev class with respect to prime ends of 

domains. On this basis, under certain conditions on the complex coefficient /i, it is proved the 
existence of regular solutions of its Dirichlet problem in arbitrary simply connected domains 
and pseudoregular as well as multivalent solutions in arbitrary hnitely connected domains 
with continuous boundary data in terms of prime ends. 
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1 Introduction 

Theorems on the existence of homeomorphic solutions of the class have been 
recently proved for many degenerate Beltrami equations, see, e.g., the monographs 
[5j and m and further references therein. The theory of boundary behavior of 
homeomorphic solutions with generalized derivatives and of the Dirichlet problem 
for the wide circle of degenerate Beltrami equations in Jordan domains was developed 
in the papers [7J, [Sj, |ID] and |T4] . 

Recall some definitions. Let D be a domain in the complex plane C and let 
/i : D —)• C be a measurable function with |/n(z)| < 1 a.e. (almost everywhere). 
Beltrami equation is an equation of the form 

fz = K^)fz 


( 1 , 1 ) 
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where = Of = (/^ + ify)/2, f, = Of = (/^ - ify)/2, z = x + iy, and fy 
are partial derivatives of / in x and y, correspondingly. The fnnction is called its 

complex coefficient and 


KA~) = 


1 + Im{«)I 


( 1 . 2 ) 


1 - l/t(^)l 

its dilatation quotient. Beltrami equation (II.ll) is called degenerate if is 
essentially unbounded, i.e., Ky ^ L°°{D). 


Boundary values problems for the Beltrami equations are due to the famous 
dissertation of Riemann who considered the partial case of analytic functions when 
li[z) = 0, and to the works of Hilbert (1904, 1924) and Poincare (1910) for the 
corresponding Cauchy-Riemann system, see, e.g., further references in the papers 
[10] and jH]. 


The classic Dirichlet problem for Beltrami equation (11.11) in a Jordan domain 
D is the search of continuous function f : D ^ having partial derivatives of the 
hrst order a.e., satisfying (ll.ll) a.e. and also the boundary condition 


lim Re f{z) = ip{C) \/( E dD (1.3) 

for a prescribed continuous function ip : dD —>■ R, see, e.g., PO] . 

To study the similar problem in domains with more complicated boundaries we 
need to apply the theory of prime ends by Caratheodory, see, e.g., his paper [Tj or 
Chapter 9 in monograph [2j. 

The main difference in the case is that (p should be already a function of a 
boundary element (prime end P) but not of a boundary point. Moreover, (11.31) 
should be replaced by the condition 


lim Ref{zn) = p>{P) (1.4) 

n^oo 

for all sequences of points Zn E D converging to prime ends P of the domain D. 
Note that fll.4l) is equivalent to the condition that 


lim Ref{z) 

z^P 


v{P) 


(1.5) 


along any ways in D going to the prime ends P of the domain D. 
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Later on, D'p denotes the completion of the domain D by its prime ends and 
Ed denotes the space of these prime ends, both with the topology of prime ends 
described in Section 9.4 of monograph [2]. In addition, continnity of mappings / : 
Dp —> D'p and bonndary fnnctions (p : Ep M shonld mean with respect to the 
given topology of prime ends. 

Generalized homeomorphic solntions of the Beltrami equations are mappings 
with hnite distortion whose boundary behavior with respect to prime ends in arbitrary 
hnitely connected domains of C was studied in our last preprint [8j and we refer the 
reader to this text for historic comments, dehnitions and preliminary remarks. 


2 Boundary behavior of solutions of the Beltrami equations 

On the basis of results of Section 8 in [Sj, we obtain the corresponding results on 
the boundary behavior of solutions of the Beltrami equations. 

Theorem 2.1. Let D and D' he hounded finitely eonneeted domains in C and 
f : D ^ D' he a homeomorphie solution of the elass of ( 11.11) with G Lf[D). 
Then f~^ is extended to a eontinuous mapping of D'p onto Dp. 

Furthermore, it is sufficient in Theorem 12. II to assume that is integrable only 

in a neighborhood of dD or even more weak conditions which are due to Lemma 5.1 
in [8j. 

However, any degree of integrability of does not guarantee a continuous 
extendability of the direct mapping / to the boundary, see, e.g., an example in 
the proof of Proposition 6.3 in [12]. Conditions for it have perfectly another nature. 
The principal relevant result is the following. 

Theorem 2.2. Let D and D' he hounded finitely eonneeted domains in C and 
f--D -T D' he a homeomorphie solution of the elass of the Beltrami equation 
( 11.11) with the eondition 

dr 


0 


oo 


y zoedD 


( 2 . 1 ) 
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where 0 < Eq < do = sup \z — zo\ and 

zED 

\\K,\\(za,r) = j K^ds. (2.2) 

S{zo,r) 

Then f can be extended to a homeomorphism of Dp onto D'p. 

Here and later on, we set that is eqnal to zero outside of the domain D. 
Corollary 2.1. In particular, the conclusion of Theorem lil.iH holds if 

k,^{r) = O ^log V zo e dD (2.3) 

as r —)■ 0 where kzf,{r) is the average of over the circle \z — .^ol = 

Lemma 2.1. Let D and D' he hounded finitely connected domains in C and 
f--D -T D' he a homeomorphic solution of the class of the Beltrami equation 
M.l\) with G and 

- ^ol) dm{z) = o \/ zq e dD (2.4) 

e<|z-zo|<£o 

as £ —>■ 0 where 0 < £o < sup \z — zo\ and fjzo^eit) ■ (0, oo) —>■ [0, oo], £ G (0,£o), is 

z&D 

a two-parametric family of measurable functions such that 

^0 

0 < Iz^ie) := J 'i/jzo,£{t) dt < oo V£G(0 ,£o). 

£ 

Then f can be extended to a homeomorphism of Dp onto D'p. 

Theorem 2.3. Let D and D' be bounded finitely connected domains in C and 
f--D D' be a homeomorphic solution of the class of the Beltrami equation 
D.l\) with of finite mean oscillation at every point zq G dD. Then f can be 
extended to a homeomorphism of Dp onto D'p. 

In fact, here it is sufficient for the fnnction K^[z) to have a dominant of hnite 
mean oscillation in a neighborhood of every point zq G dD. 

Corollary 2.2. In particular, the conclusion of Theorem holds if 

lim -f Kii{z) dm(z) < oo V 2:9 G dD . (2.5) 

Jb{zo,£) 
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Theorem 2.4. Let D and D' he hounded finitely eonneeted domains in C and 
he a homeomorphie solution of the elass of the Beltrami equation 
( li.il) with the eondition 


F - zo r 


o 


log- 

£ 


-I 2" 


y zoedD . 


( 2 . 6 ) 


e<|z-zo|<eo 

Then f ean he extended to a homeomorphism of Dp onto D'p. 

Remark 2.1. Condition (12.61) can be replaced by the weaker condition 


K^{z) dm{z) 


e<\z-zo\<eo V' ' l-z-^ol 


O 


log log- 

£ 


T 2" 


y zoedD . (2.7) 


\z-za\ logijy 

In general, here we are able to give a nnmber of other conditions of logarithmic 
type. In particnlar, condition (l2.3l) . thanking to Theorem 12.21 can be replaced by 
the weaker condition 

kzo{r) = O (log-log log-) . (2.8) 

V r r / 


Finally, we complete the series of criteria with the following integral condition. 
Theorem 2.5. Let D and D' he hounded finitely eonneeted domains in C and 
f--D -T D' he a homeomorphie solution of the elass of the Beltrami equation 
( li.il) with the eondition 


4> [K^[z)) dm{z) < oo 


(2.9) 


D 


for a nondeereasing eonvex funetion 4> : [0, oo) —> [0, oo) sueh that 


OO 


dr 


r4> ^(r) 


= oo 


( 2 . 10 ) 


at some > T(0). Then f ean he extended to a homeomorphism of Dp onto D'p. 

Corollary 2.3. In partieular, the eonelusion of Theorem IT51 holds if at some 
a > 0 

[ dm{z) < oo . 


D 


( 2 . 11 ) 
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Remark 2.2. Note that condition (12.101) is not only snfScient bnt also necessary 
for a continnons extension to the bonndary of all direct mappings / with integral 
restrictions of type (12.91) . see, e.g., Theorem 5.1 and Remark 5.1 in |II]. Recall also 
that condition (12.101) is eqnivalent to each of conditions (7.14)-(7.18) in [8]. 


3 On the Dirichlet problem in simply connected domains 


For (p{P) ^ const, P G Ejj^ a regular solution of Dirichlet problem (11.41) for 
Beltrami equation (ll.ll) is a continuous discrete open mapping / : 77 —)• C of the 
Sobolev class with its Jacobian 

jfi^) = \fz\‘^-\fz\‘^ 7^ 0 a.e. (3.1) 


satisfying (ll.ll) a.e. and condition (ll.4l) for all prime ends of the domain D. For 
(p{P) = c G M, P G Pu, a regular solution of the problem is any constant function 
f{z) = c + ic', d G M. 

Recall that a mapping / : P —> C is called discrete if the pre-image of 

every point y E C consists of isolated points and open if the image of every open 
set U C D is open in C. Later on, D denotes the unit disk in C. 


Theorem 3.1. Let D be a bounded simply conneeted domain in C and let fi : 


D ^ 3 be a measurable funetion with G and, moreover, 

<5(2o) 

7 dr _ 

= oo \/ zq E D 


J II^a^IK^o, r) 

0 

for some 0 < (5(2;o) < d{zo) = sup 1 ^; — zqI 

zeD 


(3,2) 


ll*’/.ll(^o, r) := J K,,(z) ds . 

S{zo,r) 

Then the Beltrami equation ( li.il) has a regular solution f of the Diriehlet problem 
for every eontinuous funetion ip : Ejj —t M. 


Here and later on, we set that is equal to zero outside of the domain D. 
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Corollary 3.1. In particular, the conclusion of Theorem \S. 1\ holds if 

yzo^D (3.3) 

as £ ^ 0 where /c^o(£) is the average of the function over the circle S{zq, e). 

Proof of Theorem \3. li First of all note that Ed cannot consist of a single prime 
end. Indeed, all rays going from a point zq E D io oo intersect dD becanse the 
domain D is bonnded, see, e.g.. Proposition 2.3 in [dB] or Proposition 13.3 in [12]. 
Thns, dD contains more than one point and by the Riemann theorem, see, e.g., 
II.2.1 in [Bj, D can be mapped onto the nnit disk D with a conformal mapping 
R. However, then by the Caratheodory theorem there is one-to-one correspondence 
between elements of Ed and points of the nnit circle 5ID), see, e.g.. Theorem 9.6 in 

I2|. 

Let F be a regnlar homeomorphic solntion of eqnation fll.ll) in the class 
which exists in view of condition (13.21) . see, e.g.. Theorem 5.4 in paper [IB] or 
Theorem 11.10 in monograph [TB] . 

Note that the domain D* = E{D) is simply connected in C, see, e.g.. Lemma 5.3 
in [Bj or Lemma 6.5 in [12]. Let ns assnme that dD* in C consists of the single point 
{oo}. Then C \ D* also consists of the single point oo, i.e., D* = C, since if there 
is a point Co G C in C \ D*, then, joining it and any point C* G D* with a segment 
of a straight line, we hnd one more point of dD* in C, see, e.g., again Proposition 
2.3 in m or Proposition 13.3 in [12]. Now, let W denote the exterior of the nnit 
disk D in C and let k,{() = 1/C, ^(0) = oo, k,{oo) = 0. Consider the mapping 
F* = o F : F —)• Do where D = F“^(D*) and Do = D \ {0} is the pnnctnred 
nnit disk. It is clear that F* is also a regnlar homeomorphic solntion of Beltrami 
eqnation (II.ip in the class in the bonnded two-connected domain D becanse 
the mapping k is conformal. By Theorem 12.21 there is a one-to-one correspondence 
between elements of Ed and 0. However, it was shown above that Ed cannot consists 
of a single prime end. This contradiction disproves the above assnmption that dD* 
consists of a single point in C. 

Thns, by the Riemann theorem D* can be mapped onto the nnit disk D with 
a conformal mapping R^. Note that the fnnetion g := R^ o E is again a regnlar 
homeomorphic solntion in the Sobolev class of Beltrami eqnation (11.11) which 
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maps D onto D. By Theorem 12.21 the mapping g admits an extension to a homeo- 
morphism : Dp —D. 

We hnd a regular solution of the initial Dirichlet problem (11.41) in the form 
f = h o g where h is a holomorphic function in D with the boundary condition 


lim Reh{z) = (p{g^ ^(C)) V C G ^ID • 


Note that we have from the right hand side a continuous function of the variable (^. 

As known, the analytic function h can be reconstructed in D through its real 
part on the boundary up to a pure imaginary additive constant with the Schwartz 
formula, see, e.g., § 8, Chapter III, Part 3 in j5|. 


h{z) 


1 

27ri 




ICI=i 


C + ^ dC 
C-z' c 


It is easy to see that the function f = h o g is a desired regular solution of the 
Dirichlet problem (11.41) for Beltrami equation ( ll.ll) . □ 


Applying Lemma 2.2 in pa, see also Lemma 7.4 in [12], we obtain the following 
general lemma immediately from Theorem 13.11 


Lemma 3.1. Let D be a bounded simply eonneeted domain in C and /i : D —> D 
be a measurable funetion with G L^{D). Suppose that, for every zq G D, there 
exist £o < d{zo) := sup —2;o| and a one-parametrie family of measurable funetions 

zGD 

fjzo^s ■ (0, cxd) —>■ (0, oo); £ G (0, £o) sueh that 

£o 

0 < 4o(£) := J dt < OO V £ G (0, £o) (3.4) 

and as £ —> 0 

Kui^)-i^i,ei\z-Zo\) dm{z) = o(/f„(£)) (3.5) 

D{zo,£,£o) 



where D{zq, e, £q) = {z ^ D : e < \z — Zq\ < £o}. Then the Beltrami equation ( L. 11) 
has a regular solution f of the Diriehlet problem Ijl.fl ) for every eontinuous funetion 
ip : Ejj — y M. 
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Remark 3.1. In fact, it is sufficient here to request instead of the condition 
G L^{D) only a local integrability of in the domain D and the condition 
\\K^\\{zQ,r) 7 ^ oo for a.e. r G (0,£o) at all Zq G dD. 


By Lemma [XT] with the choice = 1/ we obtain the following 

result, see also Lemma 6.1 in [5]. 

Theorem 3.2. Let D be a bounded simply eonneeted domain in C and let ji : 
D ^ ID) be a measurable funetion sueh that 


K^{z) ^ Q{z) G FMO(L») . (3.6) 

Then the Beltrami equation ( L. il) has a regular solution f of the Diriehlet problem 
^.f\) for every eontinuous funetion (p : Ed —)• R. 

Corollary 3.2. In partieular, the eonelusion of Theorem \KE holds if K^{z) ^ 
Q{z) G bmo(:d). 

By Corollary 6.1 in [8j we obtain from Theorem 13.21 the following statement. 
Corollary 3.3. The eonelusion of Theorem \3TA also holds if 

limsup + Kfj_{z) dm{z) < oo zq E D . 

J B{zo,s) 


The next statement follows from Lemma IXTI under the choice 'ip{t) = 1/t, see 
also Remark IXT 


Theorem 3.3. Let D be a bounded simply eonneeted domain in C and let ji : 
D ^ ID) be a measurable funetion sueh that 


K,(z) 


dm{z) 
k - zo\‘ 


o 


log- 

£ 


-1 2 ' 


\/ Zq e D . 


(3.7) 


e<\z-zo\<eo 

Then the Beltrami equation ( L. il) has a regular solution f of the Diriehlet problem 
for every eontinuous funetion ip : Ed R- 

Remark 3.2. Similarly, choosing in Lemma ITT1 'ihit) = l/(tlogl/t) instead of 
ifit) = 1/t, we obtain that condition (13.71) can be replaced by the condition 


K^{z) dm{z) 


e<\z-zo\<eo 


Z — Zo\ log ^ 

o \z-zo\ 


= o 


log log- 

£ 


-I 2 ^ 


y Zq e D . (3.8) 
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Here we are able to give a number of other conditions of a logarithmic type. In 
particular, condition f l3.3l) . thanking to Theorem 13.11 can be replaced by the weaker 
condition 


1 


1 


/c^o(r) = O log-log log- 


r 


(3.9) 


Finally, by Theorem 13.11 applying also Theorem 3.1 in [IT], we come to the 
following result. 

Theorem 3.4. Let D he a bounded simply connected domain in C and let fi : 
D ^ ID) be a measurable function such that 


dm{z) < oo 


(3.10) 


D 


where T : [0, oo) —>■ [0, oo) is a nondecreasing convex function such that 

OO 

f dr 


r4> ^(r) 


oo 


(3.11) 


for some 6 > T(0). Then the Beltrami equation ( li.il) has a regular solution f of 
the Dirichlet problem for every continuous function (p : Ep) —)• M. 

Remark 3.3. Recall that condition (13.111) is equivalent to each of conditions 
(7.14)-(7.18) in [Sj. Moreover, condition ( 13.111) is not only sufficient but also ne¬ 
cessary to have a regular solution of the Dirichlet problem (ll.4l) for every Beltrami 
equation (II.ll) with integral restriction (13.101) for every continuous function Lp : 
Ep) —> M. Indeed, by the Stoilow theorem on representation of discrete open mappings, 
see, e.g., [E], every regular solution / of the Dirichlet problem (11.41) for Beltrami 


equation (ll.ll) with e can be represented in the form of composition 
f = h o E where h is a holomorphic function and F is a regular homeomorphic 
solution of (ll.ll) in the class Thus, by Theorem 5.1 in [TH| on the nonexistence 
of regular homeomorphic solutions of (ll.ll) in the class if (13.111) fails, then 

there is a measurable function /i : F —> D satisfying integral condition (13.101) for 
which Beltrami equation (ll.ll) has no regular solution of the Dirichlet problem (11.41) 
for any nonconstant continuous function p) : Ep) —)■ R. 









































The Dirichlet problem and prime ends 


11 


Corollary 3.4. In particular, the conclusion of Theorem \S.^\ holds if at some 
a > 0 

J dm{z) < oo . (3-12) 

D 


4 On pseudoregular solutions in multiply connected domains 


As it was first noted by Bojarski, see, e.g., § 6 of Chapter 4 in [20], the Dirichlet 
problem for the Beltrami equations, generally speaking, has no regular solution in 
the class of continuous (single-valued) in C functions with generalized derivatives 
in the case of multiply connected domains D. Hence the natural question arose: 
whether solutions exist in wider classes of functions for this case ? It is turned out 
to be solutions for this problem can be found in the class of functions admitting 
a certain number (related with connectedness of D) of poles at prescribed points. 
Later on, this number will take into account the multiplicity of these poles from the 
Stoilow representation. 

Namely, a pseudoregular solution of such a problem is a continuous (in C) 
discrete open mapping / : D —)► C of the Sobolev class (outside of poles) with 
its Jacobian Jf{z) = |/^| — |/j| ^ 0 a.e. satisfying f ll.lj) a.e. and the boundary 
condition (11.41) . 

Arguing similarly to the case of simply connected domains and applying Theorem 
V.6.2 in [3] on conformal mappings of hnitely connected domains onto circular 
domains and also Theorems 4.13 and 4.14 in |2D|, we obtain the following result. 

Theorem 4.1. Let D be a bounded m—connected domain in C with nondegenerate 
boundary components and /i : D — > ID) 6e a measurable function with G and 

S{zo) 

f d.r — 

\/ zq G D 


0 


II^a^IK^o, r) 


oo 


for some 0 < (5(2:o) < d{zo) = sup [z — 2;o| cind 

zGD 


II^a^IK^o, ^^) := J K^{z) ds . 

S{zo,r) 


(4.1) 
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Then the Beltrami equation ( 11.11) has a pseudoregular solution f of the Dirichlet 
problem (jl.fl ) with k ^ m — 1 poles at prescribed points in D for every continuous 
function (p : Ep, —)• R. 

Here, as before, we set to be extended by zero outside of the domain D. 
Corollary 4.1. In particular, the conclusion of Theorem \4..1\ holds if 


1 


k,^{e) = Oilog-] ^zoED 


(4.2) 


as £ —)• 0 where kz^ie) is the average of the function over the circle S{zq, s). 


Proof of Theorem \4.1\ Let F be a regular solution of equation (11.11) in the class 
that exists by condition (14.lib see, e.g.. Theorem 5.4 in the paper |IB] or 
Theorem 11.10 in the monograph [12]. 

Note that the domain D* = F{D) is m—connected in C and there is a natural 
one-to-one correspondence between components of 7 = dD and components Tj 
of T = dD*, Tj = C{'yj, F) and 7 j = CiVj, F~^), j = 1,..., m, see, e.g.. Lemma 
5.3 in [Bj or Lemma 6.5 in |I^. Moreover, by Remark 1.1 in [ 8 j every subspace Ej of 
Ep) associated with 7 ^ consists of more than one prime end, even it is homeomorphic 
to the unit circle. 


Next, no one of Tj, j = 1,..., m, is degenerated to a single point. Indeed, let 
us assume that Tj^ = {Co} hrst for some Co E C. Let tq G (0, do) where do = 

inf 1 C — Col- Then the punctured disk Fo = |C G C : 0 < |C — Col < ^ 0 } is in the 
Cer\r,„ 

domain D* and its boundary does not intersect T \ Tj^. Set D = F~^{Dq). Then by 
the construction F C F is a 2 -connected domain, Fn7\7jg = 0 , F) = (Co) 

and C{C,Q, F~^) = 7 ^^ where F is a restriction of the mapping F to F. However, this 
contradicts Theorem 12.21 because, as it was noted above, Ej^ contains more than one 
prime end. 

Now, let assume that Tj^ = {00}. Then the component of C\F* associated with 
Tjg, see Lemma 5.1 in [ 6 ] or Lemma 6.3 in |T2|, is also consists of the single point 
00 because if the interior of this component is not empty, then choosing there an 
arbitrary point Co and joining it with a point E D* by a segment of a straight line 
we would hnd one more point in Tj^, see, e.g.. Proposition 2.3 in [13] or Proposition 
13.3 in [112]. 
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Thus, applying if it is necessary an additional stretching (conformal mapping), 
with no loss of generality we may assume that D* contains the exteriority of the 
unit disk D in C. Set = 1/C, /^(O) = oo, k{oo) = 0. Consider the mapping = 
koF : D —> Do where D = F“^(D^) and Dq = D\{0} is the punctured unit disk. It is 
clear that F^ is also a homeomorphic solution of Beltrami equation (If .11) of the class 
in 2-connected domain D because the mapping k is conformal. Consequently, 
by Theorem 12.21 elements of should be in a one-to-one correspondence with 
0. However, it was already noted, Ej^ cannot consists of a single prime end. The 
obtained contradiction disproves the assumption that Tj^ = {oo}. 

Thus, by Theorem V.6.2 b [3j, see also Remark 1.1 in [Sj, D* can be mapped 
with a conformal mapping onto a bounded circular domain D* whose boundary 
consists of mutually disjoint circles. Note that the function g := o F is again 
a regular homeomorphic solution in the Sobolev class for Beltrami equation 
(11.11) that maps D onto D*. By Theorem 12.21 the mapping g admits an extension to 
a homeomorphism : Dp —> D*. 

Let us hnd a solution of the initial Dirichlet problem (1 1.41) in the form f = ho g 
where h is a meromorphic function in D* with the boundary condition 

lim Reh{z) = (p{g^^{C)) V C £ ^D* (4.3) 

and k ^ m — 1 poles corresponding under the mapping g to those at prescribed 
points in D. Note that the function from the right hand side in (l4.3l) is continuous 
in the variable (. Thus, such a function h exists by Theorems 4.13 and 4.14 in [2D]. 
It is clear that the function / associated with h is by the construction a desired 
pseudoregular solution of the Dirichlet problem (ll.4l) for Beltrami equation (11.11) . □ 

Applying Lemma 2.2 in [ID], see also Lemma 7.4 in [I2|, we obtain immediately 
from Theorem 14.11 the next lemma. 

Lemma 4.1. Let D be a bounded m—connected domain in C with nondegenerate 
boundary components and /i : D —> D 6e a measurable function with G L^{D). 
Suppose that for every zq G D there exist eg < d{zo) := sup|2; — zo\ and one- 

z&D 

parameter family of measurable functions 'f>zo,e ■ (0, oo) —>■ (0,oo), £ G (0, £o) such 
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that 


£o 


0 < /.„(£) := / dt < OO V £ e (0, £o) 


(4.4) 


and 


J dm{z) = 0{l\{£)) ase^Q. (4.5) 

£<\z-Zo\<£o 

Then the Beltrami equation 111.11) has a pseudoregular solution f of the Dirichlet 
problem with k ^ m — 1 poles at prescribed points in D for every continuous 
function (p : Ed —> M- 

Remark 4.1. In fact, here it is sufficient to assume instead of the condition G 
L^{D) the local integrability of in the domain D and the condition ||i^"^||(zo, r) ^ 
OO for a.e. r G (0, Eq) and all Zq G dD. 


By Lemma [4J1 with the choice 'ifzo,£it) = lAlog j we obtain the following result, 
see also Lemma 6.1 in [Sj. 

Theorem 4.2. Let D be a bounded m—connected domain in C with nondegenerate 
boundary components and fi : D ^ B) be a measurable function such that 

K,{z) ^ Q{z) G FM0(:D) . (4.6) 


Then the Beltrami equation 111.11) has a pseudoregular solution f of the Dirichlet 
problem ^l.f\) with k ^ m — 1 poles at prescribed points in D for every continuous 
function (p : Ed —t K- 

Corollary 4.2. In particular, the conclusion of Theorem \f.I\ holds if K^[z) ^ 

Q{z) G bmo(:d). 

By Corollary 6.1 in [5j we have by Theorem 14.21 the next: 

Corollary 4.3. The conclusion of Theorem \4.1^ holds if 


limsup -f K^{z)dm{z) < oo M zq ^ D. 
£“>■0 J B{zo,£) 


The following statement follows from Lemma ITT] through the choice 'ip{t) = 1/t, 


see also Remark 14.11 
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Theorem 4.3. Let D he a bounded m— connected domain in C with nondegenerate 
boundary components and /i : D —> D 6e a measurable function such that 


KT) 


dm{z) 
k - zo\‘ 


= o 


log- 

£ 


-I 2' 


y zq e D . 


(4.7) 


e<|z-zo|<eo 

Then the Beltrami equation 111.11) has a pseudoregular solution f of the Dirichlet 
problem (jl.fl ) with k ^ m — 1 poles at prescribed points in D for every continuous 
function ip : Ed M- 

Remark 4.2. Similarly, choosing in Lemma ITT1 Lit) = l/{t\ogl/t) instead of 
f){f) = 1/t we obtaine that the condition (l4.7l) can be replaced by the condition 


K^{z) dm{z) 


o 


e<|z-zo|<eo V ’ \z-zo\ 


log log- 

£ 


T 2^ 


y zq e D . 


(4,8) 


N-^ol log^ 

Here we are able to give a number of other conditions of the logarithmic type. In 
particular, condition (l4.2p . thanking to Theorem 14.11 can be replaced by the weaker 
condition 

k,^{r) = O Aog - log log . (4.9) 

V r r 


Finally, by Theorem 14.11 applying also Theorem 3.1 in the paper [17], we come 
to the following result. 

Theorem 4.4. Let D be a bounded m—connected domain in C with nondegenerate 
boundary components, k ^ m — 1 and fi : D ^ ID) be a measurable function such 
that 

J ^{K^(z)) dm{z) < oo (4T0) 

D 

where 4> : [0, oo) —> [0, oo) is nondecreasing convex function with the condition 


dr 


r4> ^(r) 


oo 


(4.11) 


for some 6 > 4>(0). Then the Beltrami equation ( 12.21) has a pseudoregular solution 
f of the Dirichlet problem ( [2..^[ ) with k poles at prescribed points in D for every 
continuous function (p : Ed —t 
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Recall that condition (14.111) is equivalent to every of conditions (7.14)-(7.18) in 

|S|. 

Corollary 4.4. In particular, the conclusion of Theorem \4.4\ holds if for some 
a > 0 

(4.12) 

D 


5 On multivalent solutions in finitely connected domains 

In multiply connected domains 77 c C, in addition to pseudoregular solutions, 
Dirichlet problem fll.4l) for Beltrami equations f ll.ll) admits multivalent solutions in 
the spirit of the theory of multivalent analytic functions. 

We say that a discrete open mapping / : B{zQ,£{f) — > C, where B{zQ,£{f) C D, 
is a local regular solution of equation fll.ll) if / G Jj ^ 0 and / satishes 

(11.11) a.e. Two local regular solutions /o : B{zq, £o) C and /* : B{z^, £^) —> C of 
equation fll.ll) is called an extension of each to other if there is a chain of such 
solutions /* : B{zi,£f) ^ C, i = l,m, that fi = /o, fm = f* and fi{z) = fi+i{z) 
for z ^ Ei := B{zi, £i) fl B{zi+i, £i+i) 7^ 0, i = 1, m — 1. A collection of local 
regular solutions fj : B{zj,£j) —>■ C, j G J, is said to be a multivalent solution 
of equation f ll.ll) in D, if the disks B{zj, £j) cover the whole domain D and 
fj are mutually extended each to other through this collection and the collection is 
maximal by inclusion. A multivalent solution of ( 11.11) is called multivalent solution 
of Dirichlet problem f ll.4l) if u{z) = Ref{z) = Refj{z), z G B{zj, £j), j G J, is 
a single-valued function in D and satishes condition fll.4l) . 

The proof of the existence of multivalent solutions of Dirichlet problem fll.41) for 
Beltrami equation (11.11) in hnitely connected domains is reduced to the Dirichlet 
problem for harmonic functions in circular domains, see, e.g., § 3 of Chapter VI in 

131- 

Theorem 5.1. Let D he a bounded m— connected domain in C with nondegenerate 
boundary components and fi : D ^ B) be a measurable function which satisfies 
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hypotheses of Theorems \ or Corollaries \4-.lW4..f\ Then Beltrami equation 

( li.il) has a multivalent solution of Dirichlet problem for every continuous 

function (p : Ep, —)• R. 

Proof. It is sufficient to prove the statement of the theorem under the hypotheses 
of Theorem 14.11 because the hypotheses of the rest theorems and corollaries imply 
the hypotheses of Theorem 14.11 as it was shown above. 

Next, similarly to the first part of Theorem 14.11 we first prove that there is a 
regular homeomorphic solution g of Beltrami equation (11.11) mapping the domain D 
onto a circular domain ID* whose boundary consists of mutually disjoint circles. By 
Theorem [22] the mapping g admits an extension to a homeomorphism g^ : Dp ^ ID)*. 

As known, in the circular domain D*, there is a solution of the Dirichlet problem 


Urn u{z) = (fig^^iO) (5.1) 

for harmonic functions u, see, e.g., § 3 of Chapter VI in [3j. Let Bq = B{zo,ro) 
is a disk in the domain D. Then Bq = g{BQ) is a simply connected subdomain of 
the circular domain D* where there is a conjugate function v determined up to an 
additive constant such that h = u + fu is a single-valued analytic function. The 
function h can be extended to, generally speaking multivalent, analytic function H 
along any path in P* because u is given in the whole domain D*. 

Thus, f = H o g is du desired multivalent solution of the Dirichlet problem (11.41) 
for Beltrami equation (ll.ll) . □ 


Remark 5.1. Note that it can be proved an analog of the known theorem on 
monodromy for analytic functions stating that any multivalent solution of Beltrami 
equation (11.11) in a simply connected domain D is its regular single-valued solution. 

Note also, here the hypothesis that the boundary components of the domain is not 
degenerate to single points is essential as it is shown by the simplest case g{z) = 0 
of analytic functions in the punctured unit disk because the isolated singularities of 
harmonic functions are removable and by the maximum principle harmonic functions 
in the unit disk are uniquely determined by its continuous boundary values. 
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